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HeKOTopbie saMenaHHa 06 HHTerpajibHbix 
xapaKTepHCTHKax BHHepoBCKoro npoii,ecca 
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§ 1. 06lLI,He KOHCTpyKII,HH 

1. 06o3HaHHM Hepes BemecTBeHHoe rHjitGepTOBo npocTpancTBo cjiyHaflnbix BejiHHHH c 

KOHeHHbIM BTOpbIM MOMeHTOM Fjl. V, § 1]. PaCCMOTpHM Henpept.IBHt.IH B CMblCJie HOpMt.1 

HpocTpaHCTBa Sj H;eHTpHpoBaHHt.iH rayccoBCKHH cjiyHaKHBiH HpoH;ecc : [0, 1] — >■ ^, h o6o3Ha- 
HHM Hepes K fleHCTByiomHH B Beni,ecTBeHHOM HpocTpancxBe L2[0, 1] HHTerpajibHt.iH OHepaxop, 
3flpoM KOToporo BbicTynaeT KOBapHan;HOHHa5i (|)yHKH;Ha 

/c(t,s)^(e(s),ew)fl 

Hpon;ecca ^. JXanee Bcer^a 5y^eT Hpe^Hojiaraxtca, hto o6pa3 onepaxopa K aBjiHeTCH hjiothbim 
B L2[0,l]. Hs 3Toro Hpe^HojiojKeHHsi, B HacTHocTH, BbixeKaex HHTjeKTHBHocTB onepaxopa K. 
06o3HaHHM Hepes D iipocTpancTBO imK^^^, cnaGxceHHoe nopMofl 

(1) bh ^ ||/^-'/'y||L.[o,i]> 

a Hepes D* — ^^BoficxBeHHoe k D oTHocHTejitHo L2[0, 1] npocTpancxBo, nojiynaeMoe nonojine- 
HHCM L2[0, 1] no nopMe 

llylli,. ^ sup {y,z)L2[o,i] 
lkllii=i 

= {Ky,y)]!^l,iY 



Onepaxop K npn stom npoflOJiJKaeTca no nenpepBiBHOCTH ^o naoMeTpHH / : 2)* — )■ 2? co 

CBOHCTBOM 

(2) (Vi/,^gD*) {y,Iz) = {y,z)^,. 

SaMeTHM [|l], Fji. V, § 1], nxo npn jiio6om Bt.i6ope (|)ynKn,HH if G C[0, 1] nnTerpaji 

Jo 

KoppeKTno onpe^ejien KaK 6oxnepoBCKHH (n flaace pHMaHOBCKHii) HHTerpaji ot i^-anannon 
4)yHKn;HH. Hpn stom BbinojinaioTca ne 3aBHcatu;He ot Bt.i6opa G C[0, 1] cooTHomenHa 

11^^11?,= / }C{t,s)ip{s)ip{t)dtds 
^[o,i]2 

II Il2 



Pa6oTa noflflepjKEHa POOH, rpanT 10-01-00423. 
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03HaHaioiri;He B03M0>KH0CTb npoflojiJKeHHJi cooTBexcTBHa no nenpepbiBHOCTH hso- 

MexpHHecKoro BjioaceHHa npocTpancxBa D* b npocTpancTBO Sj. 3to Ha6jiio;i,eHHe nosBOjiHex 
conocxaBHTb Ka>K;i,oMy opTOHopMHpoBanHOMy 6a3Hcy {fk}kL() npocTpancTBa D opxoHopMHpo- 
BaHHoe ceMeiicTBo {C,k}'kLo cjiynattHbix BejiHHHH C,k ^ ^/-Vfe' YAOBJieTBopaiomee npn jiioGom 
BbiGope (f & D* paBCHCTBy 



(3) e^ = X](^'/^)^'^- 



k=0 



B HacTHOCTH, HesaBHCHMO OT Bt.i6opa 3HaHeHH3 t E [0, 1] ;];ejibTa-4)yHKij,H3 dt c cocpe^oTOHen- 
HL.IM B TOHKe t HocHTejieM saBe^oMo npHHafljiejKHT npocTpancTBy D* BBH^y HeripeptiBHocTH 
sflpa JC. OxBeHaiomeii btoPl flejibTa-(|)yHKii,HH cjiynaHHOH BejiHHHHofl HBjiHexcii sHaneHHe npo- 
n;ecca ^(t), hto aBTOMaxHHecKH Bjienex [ |(3)|| cnpaBe^jiHBocTB pasjioacenHH 



(4) ew = E/'^w^'^' 

k=0 

HSBecTHoro KaK psji KapyHena-JIoeBa. HpH stom, BBRpy KOMnaKTHOCTH MHoacecTBa ^ejiBTa- 



4)yHKij,Hfi B npocTpancTBe D*, cxoahmoctb pa^a |(4)| sBjiaeTca paBHOMepnoH no napaMCTpy 
tG [0,1]. 

2. OSosnanHM nepes M ^encxByion^HH b npocxpancTBe L2[0,l] HHTerpajibHbm onepaTop, 
sflpoM KOToporo BbicxynaeT KOBapHau;HOHHa3 (|)yHKn,H3 

KBa^paxa paccMaxpHBaeMoro npon,ecca ^. OGoanannM nepea SOT nonojinenne npocxpancxBa 

1 /2 

L2[0, 1] no nopivie \\y\\on ^ i^Vyy) L2I01Y noBxopaa paccyjK^ennH ns npe^bi^yniero nynxxa, 
jierKO y6e>K;];aeMC5i b BOSMoacnocxn naoMexpnnecKoro Bjioacenna npocxpancxBa 97t b npocxpan- 
cxBO S) nocpe;];cxBOM cooxBexcxBHii 

(5) [ p-edt. 







Hneex Mecxo cjie^yron^nn (|)aKX. 

2.1. IJpu AwBoM eu6ope (f)yHKtJi,uu p G C[0, 1] u opmonopMupoeaHHOso 6a3uca {fk}'k'=o npo- 
cmpaHcmea D nocAedoeameAtHocmb {rp^„}^o CAynauHux eeAuuuH euda 

n n „ 1 

Tp,„, ^ rki{p) ■ ikih rki(p) ^ p- fkfi dt, 

k=0 1=0 "^^ 

cxodumcji 6 npocmpaHcmee Sj k unmespajiy |[5] . 

^OKaaaxejiBCXBO. SaMexHM, nxo fljia jnoGoii napti cjiynanntix Bejinnnn (, t] c n;en- 
xpajitntiM nopMajitntiM coBMecxntiM pacnpe^ejienneM BtinojinaioxcH cooxnomenna 

\\e-vx = {ic-vr,{c+vy), 
<\\ic-^rh-\\{c+rirh 
= m-v\\i-\\c+v\\i- 
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CooTBeTCTBeHHo, nocjieflOBaxejibHocTt. KBa^paxoB HacTHHHbix cyMM pa^a h3 npaBoft nacxH pa- 
BCHCTBa 1(4)1 paBHOMepHO no napaMexpy t G [0, 1] cxo^htch b npocxpancTBe S) k cjiynafiHOH 
BejiHHHHe .^^(t). IIocjieflHHH (|)aKT HeMefljieHHo Bjieiex cnpaBe^jiHBocTB flOKasbiBaeMoro yxBep- 

3. HMeioT MecTo cjie;];yioiii;He j^Ba 4)aKTa, cBHsaHHbie c noHaTHHMH ndepHoao onepaxopa h 
onepaTopa ruAtSepma-UlMudma ||2|, Fji. Ill, §§ 8-9]. 

3.1. Uycmh R — caMoconpncHceHHUu sidepnuu onepamop e apucpMemuHecKOM zuAtdepmo- 
eoM npocmpaHcmee £2, a {Oji^o ^ cucmeMa neaaeucuMux cmaHdapmHux HopMajibHux CAy- 
HauHUX ecAUHUH. Tosda deouHou pnd 

(6) 7^ E R^M^ 

cxodumcH 6 npocmpaHcmee Sj, npuucM nopMa eso cyMMU hc npeeocxodum sidepnou HopMU 
onepamopa R. 

/],OKa3aTejibCTBo. JXn^i jiio6oro KoneHHoro MHOJKecTBa F C paBencTBa = 
H opTOHopMHpoBaHHOCTb CHCTeMbi {CiCj}i>j osHaHaioT cnpaBe^^jiHBOCTb on;eHKH 

\ ^'"^ 

^ i=0 \ {i,j}GN2 

^ {V3 + V2) ■ \\R\\i, 

r^e nepes ||-R||i o6o3HaHeHa a^epnaa HopMa onepaxopa R. HocKOJibKy nocjie^OBaTejibnocTB 

{Rn}^=0 OnepaXOpOB C MaxpHHHblMH SJieMGHXaMH 



(Rn) 



Rij npn max(z, j) ^ n, 
nnane 



cxo;];hxc5I no a^epnon nopMe k onepaxopy R, nojiynennbin pesyjibxax osnanaex cxo;i,hmocxb 
pafla [[6]] BMecxe c BbinojinenneM xpe6yeMOH on;enKH nopMbi cyMMbi. □ 



3.2. Uycmb R — caMoconpsiMceHHUu onepamop ruA-bSepma-UlMudma e apuc^MemuuecKOM 
euAh6epmoeoM npocmpancmee £2, ydoeAemeopAmmuu mootcdecmey Ra = 0, a {Oji^o ^ 
cmcMa HcaaeucuMux cmandapmnux nopMaAbuux cAyuauHux ecAUHUH. Tosda deouHou pnd 

~~r^ RijCiCj 

cxodumcA 6 npocmpancmee Sj, npuHCM nopMa eso cyMMU coenadaem c HopMou FuAtiBepma- 
UlMudma onepamopa R. 

CnpaBeflJiHBOcxb ^annoro yxBepjK^eHHa neMeflJieHHO Bbixexaex ns 4)aKxa opxoHopMHpo- 
BaHHOcxH CHCxeMbi cjiynannbix Bejinnnn {CiCj}i>j- 
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§ 2. BHHepoBCKHH npoii;ecc 

1. KaK xopomo HSBecTHO, BHHepoBCKHii npon;ecc onpeflejiaexcH KOBapnai^HOHHOH 4)yHKii;HeH 

/C(t, s) = inf (t, s), 

npe^cTaBjiaromefi co6ofi (|)yHKn;Hio FpHHa rpaHHHHofl sajxaHU 

-y" - Ay = 0, 
y{Q) = y'il) = 0. 

CooTBeTCTBeHHo, npocTpancTBo 2) b stom cjiynae HMeex bh^ 

S) = G Wl[Q, 1] : 1/(0) = 0}, \\yU = h'WMo,!]- 

KoBapnai^HOHHas 4)yHKii;H3 KBa^paxa BHHepoBCKoro npon;ecca HMeex bh^ 

M{t,s) = 2inf(t, sf + ts. 

Henocpe;];cxBeHHijiM BbinncjieHHeM jierKO npoBepaexca cnpaBe;];jiHBOcxb cjie^yiomero yxBep- 

1.1. flAfi Aw6ux (fjyHKVfUU y G L2[0, 1] u ee nepeoo6pa3Hou Y euda 



(1) 

eunoAHfimmcH paeencmea 

(2) 

(3) 



Y{x) = - [ ydt 

J X 



\y\\^* 



\y\\m 



\Y 



i2[0,l]5 

Ydt] +A [ tY'^dt. 
J Jo 



TaKJKe HMeiox Mecxo cjie;];yioiri;He ^Ba (|)aKxa. 



1.2. IJpocmpaHcmeo D* nenpepuenuM o6pa30M eAoofceno e npocmpaHcmeo VJt [ |(2)| , |(3)|| . 

1.3. JIw6ou 9AeMeHm npocmpaHcmea DJl npedcmaeAHem co6ou MyAhmunAUKamop U3 npo- 
cmpaHcmea D e npocmpaHcmeo D* . 

/],oKa3axejibcxBo. 3a(J)HKCHpyeM npoHSBOJiBHyio (|)yHKLi,Hio p G C[0, 1] h oxBenaiomyio 
efi nepBooGpasHyio P BH^a 

(4) P{x) = - [ pdt. 



HopMa cooxBexcxByiomero caMoconpHaceHHoro onepaxopa yMHoaceHna: i? : 2) — j- 2)* ;];onycKaex 

OIl,eHKH 



\R\ 



sup 

llj/lll'=l 



p-y'^dt 



2 sup 

I|3/'IIl2[0,i] = 1 



P-yy'dt 



I sup 

IIj/'IIl2[o>i1=^ -^0 

1 



= 2 
^\\P 



\ 1/2 

1 



□ 



HTo HeMefljieHHO BjieneT cnpaBefljiHBocTb ;];oKa3biBaeMoro yTBepac^eHHH. 
2. HMeex mccto cjie^yiomHH (|)aKT. 

2.1. Uycm-b o6o6ineHHasi (f)yHKii,UH p G 2?* onpedeAsiem ndepnuu MyAbmunAUKamop mu- 
na D ^ D* . Uycmb maKCHce nocAedoeameAhHocmb {A„}J^q nepenucAfiem 6e3 noemopenuu 
eceeo3MOCHCHue coBcmeeHHue SHaueHusi zpaHUUHOu sadanu 

-y" - ^py = 0, 

?/(0)=y'(l) = 0, 

a nocAedoeameAhHOcm'b {?/„}J^o cocmaeAeHa omeenamvuuMU co6cmeeHHUM SHaneHUSiM A„ 
HopMupoeaHHUMU 6 npocmpaHcmee 2) co6cmeeHHUMU (pyuKyusiMU. Tozda eunoAHHemcji pa- 
eencmeo 



"^0 n=0 



/],OKa3aTejibCTBO. SacJ^HKcnpyeM b npocTpancTBe opTOHopMHpoBaHHt.ifi 6a3HC 
{fk}T=o BH^a 

sin[7r ■ (/c + l/2)x] 
^'^"'^ = 7r-(2A; + l) 

H CBHJKeM C HHM CHCTCMy {^fc}^Q HeSaBHCHMblX CTaHflapTHblX HOpMajltHMX CJiyHaHHblX BejIH- 

HHH ^ ^i-^fk- CoiiocTaBHM npoH3BOJibHOH o6o6iri;eHHOH (|)yHKu,HH p G 2)* flBe cjiyHaiiHbie 



BejIHHHHbl 

oo 



j=0 

{i,j}gN2 



r^^e nojioJKeHo rjj(p) ^ (p, /i/j) h HcnojibsoBan cTaHflapTHbifi chmboji KpoHexepa 5ij. Cootho- 
meuHH 

g 

'■tt(p) = ^2 ^ ^ ^2 ■ (P, sin^lir • (* + l/2)i|) 
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BKyne c paBencTBOM ||-P||l2[o,i] = 
BejiHHHHbi Tp H BbinojiHeHHe on;eHKH 



J)* rapaHTHpyioT KoppeKTHocTL. onpe^ejieHHJi cjiynaHHOH 



KpoMe Toro, ^eiicTByiomHH h3 npocTpancxBa 25 b npocxpaHCTBO 2}* onepaxop yMHoaceHHa 
Ha (|)yHKii;Hio p HsoMexpHHHo noflo6eH fleiicTByiomeMy b npocTpancTBe L2[0,l] HHxerpajiBHo- 
My onepaxopy c a^poM — P(sup(t, s)), a noxoMy npe^cxaBjiaex coGofl onepaxop THjitGepxa- 
IIlMH;];xa. 3xo rapanxnpyex ||§ 1.3.2|1 KoppeKXHOcxb onpeflejieHHH cjiynafiHOH BejiHHHHBi r" h 
BbinojiHeHHe oi],eHOK 



p I 



\ 1/2 

P^(sup(t, s))dtds] 

'[0,1]2 / 

^ 2 - IIpIIs,,. 

SaMexHM xenepb, hxo fljia jiioGoii (|)yHKii;HH p G C[0, 1] Bt.inojiH5iexc5i [ |§ 1.2.1|| paBencxBo 



(5) 



T + T . 



BBH^y njioxHocxH jiHHeftHoro MHOJKecxBa C[0, 1] b npocxpancxBe D* h nenpepbiBHOcxH xa- 
paKxepa aaBHCHMocxn KajK^oii hs cjiyHaflHtix BejiHHHH Tp, h r" ox napanexpa p G 2)*, 



3XO osHanaex BbinojineHHe paBencxBa |[5J h ^jia bc3koh p G 2D*. Hnane roBops, BBinojinaexcs 

paBGHCXBO 

{jj}6N2 

HpH 3XOM B cjiynae a^^epnocxH nopo>K;];eHHoro o6o6meHHofi 4)yHKn;HeH p MyjibXHnjiHKaxopa 
nocjiejximVi Moacex 6t.ixb npe^cxaBjien b btaj^g cyMMbi cxo^^jimeroca no a^epnofi nopMe onepa- 
xopnoro pafla 



n=0 



nxo BKyne c paBencxBaMH 

{jj}GN2 



(/-V,/.)-(/"V,/,)-e4 = e/-i, 



KaK pa3 H oananaex 1.3.1 | cnpaBefljiHBocxt. flOKastiBaeMoro yxBepac^enna. □ 
B cjiynae neoxpHn;axejiBnocxH MyjibxnnjiHKaxopa p yxBep^K^enne |2.1| xopomo nsBecxno n 
cocxaBjiaex — BMecxe c acHMnxoxHKaMn GecKonennoMepHbix x^-pacnpe^ejienHH — ocnoBy xeo- 
pnn MajiBix yKjioneHHit BHHepoBCKoro npon,ecca (cm., nanpnMep, |^ Q). B oGmeM cjiynae ono 
yxasbiBaex BOSMOJKHbie xeopexHKO-Bepoaxnocxnbie npnjioJKeHna cneKxpajibHbix acHMnxoxHK 
3&]\aM]A nixypMa-JInyBHjijia c HH^e4)HnHxnt>iM BecoM (cm., nanpnMep, |^ ^). 



§ 3. IIpHMep HeaflepHoro MyjifaXHnjiHKaTopa 

1. 06o3nanHM nepes p^, r^e n ^ 1, o6o6iLi,eHHbie (|)yHKn,HH Bn^a 



(fc-l/2)/n 



it=l 
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HneeT MecTo cjieflyiomHii (Jdekt. 

1.1. Uycmb Xm,n ecmb m-oe CHUsy noAoofcumeAbHoe coScmeeHHoe SHanenue dpanuHHOu 
sadauu 



(1) 
(2) 



- y" - xpnV = 0, 

y{0)=y{l) = 0. 



Toada neaaeucuMo om eu6opa eeAunuHu e > npu ecex docmamoHHO 6oAbmux n G N eunoA- 
Hsiemcfi Hepaeencmeo Xm,n < 27rm + e. 

^OKaaaxejibCTBo. Bee^eM o6o3HaHeHH3 

uJk,nW ^ Vni^, k/n), wL(A) ^ y'^{X, [k/n] + 0), 



r^e |/n(A, ■) ecTb pemeHHe ypaBHeHHs |(1)| npn HaHajibHbix ycjioBHax y{0) = h y'{0) = 1. 
KaK jierKO npoBepaexcH npHMbiM BbinncjieHHeM, ^jih Bcex k G {0, ... ,n — 1} cnpaBeflJiHBBi 
paBeHCTBa 



(A) 
.„(A) 



k+l 



1 + ^'-' 

2n 



2 - X/{2n) 
A2 A-AV(2n) 



Wfc,„(A) 
<(A) 



3to HCMefljieHHo Bjienex BBinojineHHe TOJK^ecxBa 

1 



C^n,n(A) 
<n(A) 



1 

2n 



-X 2 - X/{2n) 
A2 A-AV(2n) 



a Tor;];a h paBHOMepnyio BHyTpH M cxo^hmoctb 4)yHKii,HOHajiBHOH nocjie;i;oBaTejibHOCTH 
K 4)yHK^HH u G C(M) BH;];a 

1 npH A = 0, 

2sin(A/2) 
A 



HHane. 



Hocjie^Hee aBTOMaxHHecKH osHanaex cnpaBe^jiHBOCTb ^OKasbiBaeMoro yTBepjK^eHHJi. □ 

Otmbthm 6e3 ^^OKasaxejibCTBa, hto necKOjiBKO 6ojiee ^eTajiBHoe HccjieflOBaHHe nosBOjiHjio 
6hi ycTanoBHTb, hto m-hie cHHsy nojiojKHxejiBHbie co6cTBeHHbie sHaneHHa rpaHHHHbix aa^an 
|( 1 )| , 1(2)1 npH n — )■ oo B tohhocth cxpeMHTCH K BejiHHHHe 27rm. 

2. 05o3HaHHM Hepes pN,n, r^e N, n 1, o6o6iu;eHHijie (|)yHKii;HH BH^a 



/2)/(2^n) — ''(n+fc)/(2^ 



n)) • 



k=l 



TpHBHajIBHblM oGpaSOM 2.1.111 HMeiOT MeCTO paBCHCTBa 



-N~l 



03HaHaioin;He cxo^hmoctb pa^a 



Py 



N=l 
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B npocTpancTBe T)* neaaBHCHMo ot Bi.i6opa nocjieflOBaxejibHocTH {i'n}n=i- Chmbojibi 2} h 2D* 
3;i,ecb HcnojibsoBaHBi fl^jis o6o3HaHeHH3 xex >Ke npocTpancTB, hto h b |^ 

BapHaii,HOHHbie npHHij,Hnt>i ^jia ypaBHeHHH IIlTypMa-JlHyBHjijia c CHHryjiapHbiM BecoM (cm., 
HanpHMep, |6|) noKasBiBaioT, hto m-oe cHHsy nojiojKHxejiBHoe co6cTBeHHoe sHaneHHe rpa- 
HHHHoii aa^aHH 

(3) - y" - XpuV = 0, 

(4) 1/(0) = y'{l) = 

saBe^oMo MajKopHpyexcH m-tiM cHHsy riojiojKHTejiBHbiM co6cTBeHHt.iM sHaneHHeM rpaHHHHOH 
sa^aHH 

-y" - \pN,UMy = 0) 
y(2-^) = y(2-^+i) = 0. 

TeM caMbiM ||1.1|| , Bt.i6opoM nocjie^^oBaxejiBHOCTH {i^n}'n=i mojkho ^^oGhtbcs Toro, HTo6t.i npn 
BcaKOM m ^ 10 cooTBexcTByiomee co6cTBeHHoe SHaneHHe sa^a^H |(3)| , |(4)| MaacopHpoBajioct. 



BejiHHHHofi 27rmlnm. 3to osHanaex oxcyxcTBHe GesycjioBHofi cxo^hmocth pa^a h3 BejiHHHH, 
oGpaTHbix K co6cTBeHHt.iM 3HaHeHH5iM sa^^aHH |[3]], 1(4)1 , a noxoMy h Hea^epnocTB onpe^ejiaeMoro 
(|)yHKii;HeH MyjiBTHnjiHKaxopa xana 2) 2)*. 

Abxop BbipajKaex npHSHaxejitHocxt A. H. HaaapoBy h H. A. IIIefinaKy aa ii;eHHt.ie o6cy>K- 
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